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The particles of a bunch circulating in an accelerator are
submitted to a force originating from the coherent radiation, It is of
interest to determine the effect of this force on the particle synchro-
tron motion, We do this from the point of view of the phase distribution
function, We show that the coherent radiation gives rise to an 1ncrease

~of the longitudinal dimension of the bunch

1, We shall denote % = - P4 the phase difference (referred to
‘the radiofrequency, RF) between a generlc particle and a synchronous
one, .

‘If we neglect the damping due to incoherent radiation and intro
duce the force due to coherent radlatlon then the equation of synchrotron
motion is: ‘ -
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are the coherent radiation forces acting upon a generic par
ticle and a synchronous one respectively; they are negative .
quantities, because the forces act in the direction opposite
to the motion of the bunch;

(eVsin fs is the energy supplied by the RF to the synchronous partl-

cle;
q is the harmonic number of the RF;
oA is the momentum compaction;
w S' is the revolution frequency; |
Eg is the synchronous energy.
2. For the force we assume the expression given by L, V. IOGAN

SEN and M, S, RABINOVICH(1) which is based upon the following hypothe
. ses:.

a) - the electromagnetic fields are the Llénard Wlechert's ones, i, e, the
re is no shleldlng,

b) - the bunch is extremely thin;

c) - the effective angular dimension %o of the bunch and the energy of
the particles are such as to satisfy the relation 7 -3 << '7 <<1,

Hence the force depends on the partlcle angular position re-
ferred to a certaln origin (see formula (14) in (1)).

‘ - If we take as origin the phase YS of the synchronous parti-
cle (obviously doing that we neglect possible effects of the coherent ra-
diation on the motion of the origin itself), the force can be written in the
form
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- where
N is the number of particles in the bunch;
e is the electron charge;
R is the machine radlus

9 (’7 ) is the phase distribution function.

The force acting upon the_synchronous particle will be
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It follows that the equation (1) can be written in the form

0 =20 S0 e[ by -pr e,
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3. Liet us introduce the distribution function f( '7 s 7. , 1) obeying fo
the equation
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‘As the radiation damping has been neglected, there are not veloc1ty de-
- pendent forces, Then (94} /8% =o, and the last equation transforms sim
ply into the following one:
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where 47 is to be substituted by the expression (5),

We seek a stationary solution ( d£/d t = o) of the eq.(8). By se
parating the variables i, e, by putting

£y, 9)= F(4)w(9)

one obtains two equations, one for the "'moments"

(9) dnw . _ azj
7

and the other one for the phases
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4.

" with 3;2, separation constant,

o From the eq. (9) we obtaln the "moment' distribution W =
=W exp (-1 /2 a2 2) which is not influenced by the introduction of
i »the new term of force :

By 1ntegrat1ng the eq. (10) taklng account of (5), we obtain
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, The solution of this equation gives the phase dlstr»i_butlon func
tion, if the coherent radiation is taken into account.

. The applicability of the eq, (11) to the case of real accelerators. .
s limited essentially by the first of the hypotheses assumed in 2., i. e,
by the fact that the actual sh1e1d1ng existing in the accelerators reduces
~(as demonstrated by J,S. NODVICK and D, S, SAXON(2)) the power irradia
ted by a bunch of particles, Hence there is also a decrease of the force
~acting upon the bunch,

- Therefore the results, given by the eq. (11), represent an up-
‘ per limit for the coherent radiation effect on the phase distribution,

We g1ve here a possible way to evaluate the order of magnitu-

de of such a reduction of the effect, Let us assume that in the case of fi

nite sh1e1d1ng the coherent radiation force decreases with respect to the’
no shielding case in the same way as does the radiated power in the cor

- responding situations, Therefore we admit that there are no apprec1ab1e

- variations in the character of the force, in other words no spectral distor
“sions, ' Sarth
‘Then if we employ in calculatmns the formulae for the radiated
power referrlng to a uniform distribution (see the expressions (2 3) (24),

- (26) in (2))and express the radiated power P, (finite sh1e1d1ng) in terms .
of” P(O)h (no sh1e1d1ng) we find the reduction factor '
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wherefjthe new symbols are:
: jf'af; the distance'separating the shielding'plates 3
- 7 . -R
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- with Ry, inner radius and R, outer radius of the plates (R; <R <Ry);

s =3 [c+my-cin]



with C, Euler's constant and Ci(y) the.cosine integ'i'al.

The factor f is defined by the equality
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(For example we obtain for the storage ring Adone, with '7 = 5,10 ,
a reduction factor f & 1/3) '
4, * We can derive an approximated solution of the eq. (11) in the

hypothesis that the perturbation method holds.

Thén»the zero order solution is
| .z 1.2 2.2
(13) $o° _f’bexp(- 5 a =L 7))

After deflnlng the mean square deviation of ¥, ?1o and by taking account
of the normallzatlon condltlon for ¢ os We obtain :
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- By subst1tut1ng (14) into the right hand side of the eq.(11), we derive the
first order solutmn
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(D _2isa parabolic _cylinder‘fﬂnction;-see, for ex. (3));
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6.

The constant é-l is obtained from the normalization of 91.

The approximated behaviour of §1 can be simply derived,
Expressing the parabolic cylinder function in (16) in terms of confluent
‘hypergeometric functions we have for I(79):
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From this expression it is clear that for large and small values of 7 the
function €. is well approximated by a Gaussian function, As a matter of
fact for values %2/2 ’72 31 (say, > 10, i, e. forl’?l 2 4,5 ) the asym
ptotic behaviour of the functlons leads to a dependence (y)y~ (1/ V—-’7 )" 1/3

Then in the expression (15) the term ~ ’7 will be the predomi
nant one,

On the other hand for values %2 /2 ’7 << 1 (say, < 1/10, i,e,
for | "]|< 0,45 "7 o) We can expand in series both the exponential and the &%
functions, If we neglect in this expansion terms higher than -~ M2, we ob
tain for (I(#)-1I' %), which appears in (15), a constant (which may be. con
globated in the normalization constant §—>1) plus a quadratic term, -~ ’7

In conclusion one obtains
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The exact behaviour of the distribution ,? shows that for the
‘intermediate values of 7/ the deviations of §4 from a Gaussian distribu
tion are small, As example, in fig, 1 and 2 we have represented the di-
stribution functions §,(curves a) and £ 1 (curves b) with the Adone's
parameters in two cases: “,=6,10-2; ‘7 =17,10-2,

Then we assume for evaluating purposes that again _91, is a
Gaussian distribution, with a mean square deviation, following from (18),

22 ,711/6 p(2/3) -7/3
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From the above equation one can conclude that the coherent ra
diation causes an increase of the longitudinal dimension of the bunch,

By making. explicit the seccnd_ term within parentheses in (19) |
and by observing that the numerical factor is 2 1, the-mean square de-

viation of the phase distribution becomes
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2
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Obviously this formula is applicable if the perturbation method is consi-
stent, Then the second term in brackets is to be a small perturbation
term (say, £ 1/10), With assigned values of the machine parameters the
formula (19') is applicable for ¢, values such that

4/3 N e’

7/3
>> 4" R(eVsin ¥y

Mo

The actual limitation on the unperturbed length of the bunch is
obtained from the above expression by taking account of the reduction fac
tor f, Eventually we have the condition

2
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It must be stressed again that for the validity of the perturbation method
the coherent radiation effect in any case must be smaller than ~~ 10%,

- In spite of this limitation the interest of the calculation is based essential
ly on two considerations:

a) - the values of ’70 satisfying the condition (20) lie in the operating re-
gion of the actual accelerators. For example in the case of Adone it
must be ~ "70 > 5.10"2 (or the lenght of the bunch larger than ~~ 50
cm, );

b) - with smaller values of *! 5, when the condition (20) is no more sati-
sfied (as in Adone in an intermediate energy region), the perturbation
method is not valid, however the equilibrium dimension of the bunch
cannot exceed, as order of magnitude, the one allowed by our appro-
ximation (19'),

I wish to thank F, Amman, M, Bassetti and C, Pellegrini for
helpfull discussions,
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